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1. INTRODUCTION
The aim of this paper is to prove new fixed point theorems on Hilbert spaces for potential
α-positively homogeneous operators by using weak Ekeland variational principle. To do this,
we begin with the following.
Let H be a real Hilbert space endowed with scalar product denoted ( . , . ).
Definition 1.1. A mapping T : H → H is said to be α-positively homogeneous operator if
T (tx) = tαT (x), ∀t > 0, ∀ x ∈ H, for some α > 0.
Let ψ be a Fre´chet differentiable functional defined on H and let ψ′(x) denote the
differential of ψ at x ∈ H . We denote by ∇ψ(x) the unique vector of H such that
ψ′(x).y = (∇ψ(x), y) ∀x, y ∈ H.
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Definition 1.2. A mapping T : H → H is said to be a potential (or gradient) operator if there
exists a differentiable functional ψ on H (the potential of T ) such that T = ∇ψ.
Let T : H → H be a potential operator and ψ be its potential, so that ∇ψ = T . If T is
assumed to be continuous, then ψ is of class C1 and ψ and T are related by the formula
ψ(x) =
 1
0
(T (tx), x)dt.
For more details on potential operators and their properties, see the pioneering book of
Chabrowski [2]. In particular, the page 02 for the above property.
If T is α-positively homogeneous, then
ψ(x) =
1
α+ 1
(T (x), x).
If we let
G(x) = (T (x), x),
we have that G is of class C1 and
∇G = (α+ 1)T.
We need also the following theorem
Theorem 1.3 (Weak Ekeland Variational Principle [3]). Let E be a complete metric space
and let ϕ : E → R a functional that is lower semi-continuous, bounded from below. Then,
for each ε > 0, there exists uε ∈ E with ϕ(uε) ≤ infE ϕ + ε and whenever v ∈ E with
v ≠ uε, then ϕ(uε) < ϕ(v) + εd(uε, v).
2. MAIN RESULTS
We are now in a position to give our main results.
Theorem 2.1. Let T : U → H be a compact potential operator and α-positively homoge-
neous, where U is an open and bounded subset of a Hilbert space H with 0 ∈ U . If there
exists a constant C > 0 such that
(T (u), u ) ≤ α+ 1
2
∥u∥2 − C∥u∥ for all u ∈ ∂U, (2.1)
then T has a fixed point in U.
Proof. We consider the complete metric space U endowed with the distance induced by the
norm of H and the functional ϕ defined on U by
ϕ(u) =
1
2
∥u∥2 −
 1
0
(T (su), u) ds
=
1
2
∥u∥2 − 1
α+ 1
(T (u), u).
It is clear that ϕ is differentiable with ϕ′ = I − T .
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Claim 1. The functional ϕ is bounded from below.
Indeed, because U is a bounded set with 0 ∈ U and the operator T is compact, there
exists M > 0 such that ∥T (u)∥ ≤ M for all u ∈ U . By using Cauchy–Schwarz inequality,
we obtain
ϕ(u) =
1
2
∥u∥2 − 1
α+ 1
(T (u), u)
≥ 1
2
∥u∥2 − M
α+ 1
∥u∥.
Then, ϕ is bounded from below.
Let 0 < ε ≤ Cα+1 . Then, by the weak Ekeland variational principle, there exists uε ∈ U
with ϕ(uε) ≤ infU ϕ+ε and whenever v ∈ U with v ≠ uε, then ϕ(uε) < ϕ(v)+ε∥uε−v∥.
Claim 2. uε ∉ ∂U .
Indeed, if uε ∈ ∂U , then, for v = 0, we have ϕ(uε) < ϕ(0)+ε∥uε−0∥. Because ϕ(0) =
0, we obtain that ϕ(uε) < ε∥uε∥ ≤ Cα+1∥uε∥, i.e. 12∥uε∥2− 1α+1 (T (u), u) < Cα+1∥uε∥ and
this is a contradiction with the hypothesis (2.1).
Claim 3. uε is an approximate fixed point of T .
Indeed, let t > 0 and h ∈ H . We put vε = uε + th. We remark that because uε ∈ U and
U is open then uε + th ∈ U for t small enough. We have then
ϕ(uε)− ϕ(uε + th)
t
≤ ε∥h∥.
By passing to the limit as t → 0+, we obtain that −⟨ϕ′(uε), h⟩ ≤ ε∥h∥. As h ∈ H is
arbitrary, we obtain |⟨ϕ′(uε), h⟩| ≤ ε∥h∥ which means that ∥ϕ′(uε)∥ ≤ ε. This means that
uε is an approximate critical point of ϕ and then it is an approximate fixed point of T.
Claim 4. Existence of a fixed point.
Indeed, for ε = 1n , we remark that
1
n ≤ C when n→ +∞. We obtain that ∥ϕ′(un)∥ ≤ 1n
which means that ∥ϕ′(un)∥ −→ 0 as n → +∞ and thus we have ∥un − T (un)∥ −→ 0 as
n→ +∞.
Since the operator T is compact, there exists a subsequence (unk) ⊂ (un) such that
T (unk)→ w with w ∈ U . Then unk → w. Indeed, we have∥unk − w∥ ≤ ∥unk − T (unk)∥ + ∥T (unk) − w∥ → 0 which means that unk → w and
then T (unk)→ T (w). Thus T (w) = w and w is a fixed point of T . 
As a direct consequence of the above theorem and by using Cauchy–Schwarz inequality,
we obtain:
Corollary 2.2. Let T : U → H be a compact potential operator and α-positively homoge-
neous, where U is an open and bounded subset of a Hilbert space H with 0 ∈ U . If there
exists a constant C > 0 such that
∥T (u)∥ ≤ α+ 1
2
∥u∥ − C for all u ∈ ∂U,
then T has a fixed point in U.
ARTICLE IN PRESS
4 M. Briki, T. Moussaoui
When we put U = B(0, R) for some R > 0, we obtain the following
Corollary 2.3. Let T : H → H be a compact potential operator and α-positively homoge-
neous satisfying
∃R > 0, ∃C < 1
2
(α+ 1)R,
such that T

∂B(0, R)
 ⊂ B0, 1
2
(α+ 1)R− C

,
then T has a fixed point in B(0, R).
3. APPLICATION
We consider the Dirichlet boundary value problem−u′′(t) = q(t)f(u(t)), t ∈ (0, 1),
u(0) = u(1) = 0, (3.1)
where f : R −→ R is a continuous function, q ∈ L2(0, 1).
The following lemma is standard in the literature.
Lemma 3.1. If u is a solution of the integral equation
u(t) =
 1
0
G(t, s)q(s)f(u(s)) ds,
where
G(t, s) =

t(1− s), t ≤ s,
s(1− t), s ≤ t, (3.2)
then u is a solution of problem (3.1) and conversely.
Let T be the operator defined on the standard Sobolev space H10 (0, 1) endowed with the
norm ∥u∥ =
 1
0
u′2(t)dt
 1
2
by
Tu(t) =
 1
0
G(t, s)q(s)f(u(s)) ds.
Then, T satisfies the problem−(Tu)′′(t) = q(t)f(u(t)), t ∈ [0, 1],
(Tu)(0) = (Tu)(1) = 0. (3.3)
We remark that the operator T satisfies also the following property
(Tu, v) =
 1
0
q(s)f(u(s))v(s)ds, ∀u, v ∈ H10 (0, 1).
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Let ϕ be the functional defined on H10 (0, 1) by
ϕ(u) =
1
2
∥u∥2 −
 1
0
 u(t)
0
q(s)f(s)ds

dt.
Definition 3.2. We say that u ∈ H10 (0, 1) is a weak solution of (3.1) if 1
0
[u′(t)v′(t)− q(t)f(u(t))v(t)] dt = 0, for all v ∈ H10 (0, 1).
Lemma 3.3. ([1]) The operator T : H10 (0, 1) −→ H10 (0, 1) is compact.
Theorem 3.4. Assume that the following conditions hold:
(H1) ∃α > 0, such that f(su) = sαf(u), ∀s > 0, ∀u ∈ R,
(H2) ∃R > 0, max|ξ|≤R |f(ξ)| < π2∥q∥L2 (α+ 1)R.
Then problem (3.1) has a solution u ∈ C2[0, 1].
Proof. Integrating by parts, we obtain for all u, v ∈ H10 (0, 1)
ϕ′(u)(v) =
 1
0
u′(t)v′(t) dt−
 1
0
q(t)f(u(t))v(t) dt
=
 1
0
u′(t)v′(t) dt+
 1
0
(Tu)′′(t)v(t) dt
=
 1
0
(u′(t)v′(t)− (Tu)′(t)v′(t)) dt
= (u, v)− (Tu, v) = (u− Tu, v) = ((I − T )u, v).
Thus
ϕ′ = I − T.
We prove that the operator T verifies the conditions of Corollary 2.3. Take any C > 0 such
that
C ≤ 1
2
(α+ 1)R− ∥q∥L2
π
sup
|ξ|≤R
|f(ξ)|.
Such a number exists in view of (H2). Then by using the Cauchy–Schwarz inequality and
Poincare´’s inequality we obtain
∥Tu∥ = sup
∥v∥≤1
|(Tu, v)|
∥Tu∥ = sup
∥v∥≤1
  1
0
q(s)f(u(s))v(s)ds

≤ sup
∥v∥≤1
 1
0
|q(s)f(u(s))|2ds
 1
2
 1
0
|v(s)|2ds
 1
2
ARTICLE IN PRESS
6 M. Briki, T. Moussaoui
≤ sup
∥v∥≤1
 1
0
|q(s)f(u(s))|2ds
 1
2 ∥v∥2
≤ ∥q∥L2√
λ1
sup
|ξ|≤R
|f(ξ)|
≤ 1
2
(α+ 1)R− C.
Here λ1 = π2 is the first eigenvalue of the linear Dirichlet problem−u′′(t) = λu(t), t ∈ (0, 1),
u(0) = u(1) = 0.
We have also used the Poincare´’s inequality
∥u∥L2 ≤ 1√
λ1
∥u′∥L2 , ∀u ∈ H10 (0, 1). 
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